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» Study how a Lorentz-invariant model of spacetime foam
modify the propagation of particles
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Spacetime foam

» Quantum mechanics = quantum
fluctuations

AtAE >

N | v

> General relativity:

FEnergy <= Geometry

? .
» Quantum gravity g spacetime
foam:
quantum fluctuations of the
geometry and topology of
spacetime
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Spacetime foam

» Scale of the fluctuations is
expected to be the order of the
Planck lenght

o0 ~ 107 %%m

> We take into account only
topological fluctuations (defects,
wormbholes,...)

» We consider defects to be
point-like

)\p}wt(m 4
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CPT Anomaly?

» Chiral gauge theory e.g. SO(10)
(SO(10) — SU(3) x SU(2) x U(1))

» A single static topological defect (linear defect, wormhole) —
CPT anomaly

> In the U(1) subgroup of electromagnetism the anomalous
term turns out to be

1
Scpr = 3o d*x fu(x, Ay)e PP Fy Flg (1)

'F. R. Klinkhamer and C. Rupp, “Space-time foam, CPT anomaly, and
photon propagation,” Phys. Rev. D 70 (2004) 045020 [hep-th/0312032].
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CPT Anomaly

For a large number of defect no exact calculation is practicable

v

» We assume the abelian anomalies to add up incoherently into
a background field:

glx) =X\ Z en h(z — )

v

en =11 = (g(x)) ~ 0,
h(x — x,,): anomalous contribution from the defect at x,,

v

The action for the photon field is

1
Sa, = -1 /d4x {F,“,F“” + g(m)eam‘sFaﬁFw} (2)
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Sprinkling

» Sprinkling is described as a Poisson process:

» Divide spacetime into small boxes of volume V/
> Place a sprinkled point into each box with probability P = pV
» The limit V' — 0 corresponds to the Poisson process

» The result is a Poisson distribution of points into spacetime:

PuV) = W)mv

» P,(V) is the probability to find n points into the 4-volume V'

» The mean value is

(n(V)) =Y nPu(V)=pV

n

= p represents the density of sprinkled points
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Sprinkling

» The Poisson process depends only on the spacetime volume V'
= it is Lorentz invariant

> It has been proved that even the individual realizations of the
process are Lorentz invariant?

> Lorentz invariance here has the following meaning:

“The discrete set of sprinkled points must not, in and of itself,
serve to pick out a preferred reference frame”

2. Bombelli, J. Henson and R. D. Sorkin, “Discreteness without symmetry
breaking: A Theorem,” Mod. Phys. Lett. A 24 (2009) 2579 [gr-qc/0605006].
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Sprinkling

» Example of sprinkling in 2d Minkowski spacetime:

(@) =0 (b) B=0.7
Figure: A sprinkling of points as it looks in two different inertial frames

The mean density p is the same in both frames
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Sprinkling

» A not-invariant distribution:

(@) =0 (b) B=0.7

Figure: A regular distribution of points as it looks in two different
inertial frames

p is uniform in the first case but not in the second
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» Our model is based on the effective action:

1 2
5= fa {—4FWFW 0 (0,000 —mig?) +
\ ()
+¢ Z 6n54($ —Tn) — 4¢6a576Fa6F75}
n=1
> the topological point-like defects are represented by delta
functions

> the interaction between defects and photons is mediated by a
scalar field
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» Solving the scalar field equation (for A < 1) we obtain the
photon action

1
S = 4 /d4l' {FMVF#V +g(33)€a575F0‘5F75}

> in the anomalous term the factor g(z) is

4
g(x) = / (;ZW]; (h(k) Zene"’“%> o—ika

n

> where N

h(k) = Ay (k) = m2(k2 — m2 + ie)
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» The distribution of defects enters in the product g(q)g(p):

9(@)g(p) = N> h(g)h(p) [ Y0P 43 " epepettnetm

n#m

> the sum over n # m averages to zero, while
St e [t @~ (2m)p51(q + p)
n
sprinkling ensures that dn = pd*z independently of the frame

= g(q)g9(p) = (2m)*Nph(q)*6*(¢ + p) (4)
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Calculations

» Photon propagator, perturbative expansion:
(] Ap(a) A, (0)[2) = (0]A,.(a) Ay (b)|0) —i/d4iv (014, (a) Ay (b) Hint (2)]0)—
- / a2 dy (0] Ayu(a) Ay (b)Y Hane (&) Hine (4)[0) + ...

(5)
> Hint(x) = —Line(x) = %g(:ﬂ)eo‘ﬁp"aaAg(a:)apAg(m)

I L

(Q4,u(a) A, (0)|2) = O(0) + O(N) + O(N?) +
=D, (a—b) + By (a— b) + C’M,,(a —b)+ ..
(6)
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Calculations

» O(\9):
Dyua=8) = guBe(t)  Arlk) = 5
» O\ :
B/LV(a’_b) =0 (<g($)> :0)
» O(\%):

d*k k(o
Ciw(a—b) = N2 / (27T)4AF(/<:)HW,(]€)€ k(a—b)

o d'q
M () = 3007 5% 005 | Ty Kol (=) (1 —0") A3 (@) A=)
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Calculations (I, (k))

» We apply the following techniques to manipulate II,,, (k) :
» Passarino-Veltman reduction:

k.k,
1 (8) = (g0~ 5% ) 1101
SRS Wy PSSR
mg k2 +ie | (2m)* (g2 — m?2 +i€)? (k — q)? + i€

» Dimensional regularization:

3p 1 4 m? m32 m? ? K*
H’"eg(k):_167r2m3{é+3_k2_ng?_ T ) los\Lm e
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Modified dispersion relations

> To the 2nd order the resummed photon propagator is

Dy (k) = guAr(k) (1 — NenIlen (k) + Ny Iyen (k) + ...) =

_ig;w
K2(1 1 A2, ITyen (K))

ren

= D (k) =

mzm+fm\.+m+_.

» The dispersion relations of the possible wave modes
correspond to the poles of the propagator

» The dispersion equation is

E2(1+ A2, Ien(k) =0 (7)

TEN
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Modified dispersion relations, A real

> IL,cn (k) is regular in k? =0

lim k> e (k) =0

k20 ren()

» = one solution is the standard dispersion relation

k%(1 4+ A2, IL,¢n (k) = 0 has no other physical solutions

TEN

v

v

The only possible dispersion relation is the conventional one,
k=0

The foam background does not introduce any modification
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Modified dispersion relations, A imaginary

» A — A = Hip(r) — H(x) = iHie ()

int

b () = 59(2)e°770, A5 (2)9, Ao (x)

v

The new Hamiltonian is not more Hermitian,

but it is still PT symmetric (PT H = H)

It has been shown? that non-Hermitian but P7-symmetric
Hamiltonians can coherently describe physical systems

v

v

The dispersion equation is now

k2(1 = X2, TLen(k)) =0

Ten

3C. M. Bender, S. Boettcher and P. Meisinger, “PT symmetric quantum
mechanics,” J. Math. Phys. 40 (1999) 2201 [quant-ph/9809072].
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Modified dispersion relations, A imaginary

> In this case a second physically acceptable solution appears:
K = a(y)mi (8)

» where v o< A\2p, a € [0, 1]
>
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Figure: Several data points for the behaviour of a(7)
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Modified dispersion relations, percolative foam

» Does a(7y) describe a phase transition?

k2:0 Y <Ye
{ 2 (9)

k= a(y)mi v > e

> v X p suggests a relation with percolation phase transition
» Percolation:
» Percolation theory studies the formation and properties of
clusters of objects randomly distributed in space.
» It exhibits a phase transition:
> For densities smaller than a critical value p. there are only
clusters of finite size
» For densities larger than p. clusters of infinite size also appear
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Modified dispersion relations, percolative foam

» If there is a phase transition then «(v) is the order parameter

= a(y) o (1 =7/7)" (10)
» The critical exponent in 4D percolation is § = 0.64
>
1.0f" 9
I/’.-
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Figure: a(y) interpolated by Eq. (10) with 8 = 0.64
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> We studied the propagation of photons through a Lorentz
invariant foam of topological point-like defects
» The topological anomaly is encoded in the anomalous term
Lopr = —19(x) eV FapFls
» Lorentz invariance is garanteed by the sprinkling process
» We found that:
» For a real coupling constant the foam of defects does not
introduce any modification
» For an imaginary coupling a photon mass seems to emerge

1/2

Mphoton = Ot(’)/) my

» The behaviour of the photon mass respect to the density of
defects suggests a relation with the percolation phase
transition, but this issue deserves further studies
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